Sufficiently small Schwarzschild black holes in global AdS 5 ×S 5 are Gregory-Laflamme unstable. We construct new families of black hole solutions that bifurcate from the onset of this instability and break the full SO(6) symmetry group of the S 5 down to SO(5). These new "lumpy" solutions are labelled by the harmonics . We find evidence that the = 1 branch never dominates the microcanonical/canonical ensembles and connects through a topology-changing merger to a localised black hole solution with S 8 topology. We argue that these S 8 black holes should become the dominant phase in the microcanonical ensemble for small enough energies, and that the transition to Schwarzschild black holes is first order. Furthermore, we find two branches of solutions with = 2. We expect one of these branches to connect to a solution containing two localised black holes, while the other branch connects to a black hole solution with horizon topology S 4 × S 4 which we call a "black belt".
Introduction
Gauge-gravity duality [1] provides a unique arena to study quantum gravity in its most extreme regimes. Its best understood formulation stipulates an equivalence between ten dimensional IIB String Theory on AdS 5 × S 5 and four-dimensional N = 4 Super-Yang-Mills (SYM) with gauge group SU (N ). This AdS 5 /CFT 4 duality is the most concrete example of the holographic principle and provides a non-perturbative definition of string theory.
States of the field theory at large N and large t'Hooft coupling correspond to solutions of classical gravity in the bulk. In particular, bulk black holes describe thermal states on the field theory, with the field theory temperature T identified with the Hawking temperature of the AdS black hole. We thus expect black holes in AdS 5 ×S 5 to play an important role in understanding the phase diagram of N = 4 SYM.
According to the correspondence, the background spacetime for the field theory is specified by the four-dimensional boundary of AdS 5 . Since N = 4 SYM is a conformal field theory, it does not exhibit phase transitions on a scale-invariant background like Minkowski space M 1,3 . Instead, a different background spacetime can be chosen which allows for a more interesting phase structure. The phase structure of such solutions is a well-studied topic (see, e.g. the review [2] and references therein). However, much of this study neglects effects set by the curvature scale of the S 5 .
In this manuscript, we construct new thermal phases where the S 5 plays an important role. One of the most well-studied backgrounds for the field theory is the Einstein static universe R t × S 3 . We will therefore be concerned with solutions that are asymptotically global AdS 5 × S 5 . These solutions must satisfy the type IIB SUGRA equations of motion. With only the metric g and Ramond-Ramond 5-form F (5) = dC (4) turned on, these equations are given by:
where we have imposed self-duality on the 5-form. Perhaps the most well-known solution to these equations is AdS 5 ×S 5 which in global coordinates is described by 1
2) where µνρστ dy µ ∧ dy ν ∧ dy ρ ∧ dy σ ∧ dy τ and abcde dx a ∧ dx b ∧ dx c ∧ dx d ∧ dx e are the volume forms of the AdS 5 and S 5 base spaces, respectively. L is the AdS 5 length scale and the S 5 radius. These are required to be the same by the equations of motion.
We are interested in black hole solutions that are asymptotically global AdS 5 ×S 5 . There is, of course, the Schwarzschild BH family (hereafter abbreviated as AdS 5 -Schw×S 5 BH or simply the AdS 5 -Schw BH) with horizon topology S 3 ×S 5 . This solution can be written as When the horizon radius r + vanishes, this solution reduces to global AdS 5 ×S 5 . Let us review the phase diagram of this family of solutions in a given thermodynamic ensemble. There are two ensembles that differ significantly: the canonical ensemble (at fixed temperature) and the microcanonical ensemble (at fixed energy).
In the canonical ensemble, we must consider Euclidean solutions at fixed temperature T , that asymptote to S 1 ×S 3 ×S 5 , with the radius of the S 1 identified as the inverse temperature T −1 . At a given temperature, there are up to three solutions in this family that compete: small black holes, large black holes, and thermal AdS (which corresponds to a thermal gas of gravitons). Computing the free energy from the Euclidean action determines which solution is preferred. At high temperatures, the large black hole phase dominates, while at low temperatures the gas of AdS gravitons is the dominant phase. Small black holes are never preferred. This indicates the existence of a critical temperature where a first order phase transition -the Hawking-Page transition -occurs [3, 4] . In the dual CFT 4 , this is interpreted as a confinement/deconfinement transition [4] .
In the microcanonical ensemble one fixes the energy and computes the entropy to find the dominant phase. In the AdS 5 -Schw×S 5 family, there is only one solution at a given energy, so its phase diagram is trivial.
However, the AdS 5 -Schw×S 5 family assumes a large amount of symmetry. There may be other solutions with AdS 5 ×S 5 asymptotics which do not globally respect the SO(6) symmetry of the S 5 .
Why would one expect such solutions to exist? As first observed by [5] [6] [7] , small AdS 5 -Schw×S 5 BHs are unstable to a Gregory-Laflamme (GL) instability [8, 9] when the ratio between the horizon radius and the S 5 radius, r + /L, is smaller than a critical value. Indeed, a topologically S 3 ×S 5 black hole with a large S 5 and small S 3 resembles a black brane, and systems with such a large hierarchy of scales are generically unstable to GL-type instabilities.
In analogous systems, such instabilities typically contain a zero mode which indicates the existence of a new family of black holes. This new family often connects to other black holes with different topologies through conical transitions. For example, in the phase diagram of Kaluza Klein black holes that are asymptotically M 1,3 ×S 1 [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , there are S 2 ×S 1 black strings that are GL unstable when the S 2 is small relative to the S 1 . The associated zero mode connects these solutions to non-uniform strings which themselves connect to topologically spherical S 3 black holes.
As another example, asymptotically flat Myers-Perry BHs in d ≥ 6 dimensions with a single non-trivial (but large) angular momentum also suffer from a GL-type instability [25] [26] [27] [28] [29] [30] [31] [32] [33] (known in this setup as the ultraspinning instability). The zero mode in this case connects the MyersPerry BHs to lumpy (a.k.a. bumpy or rippled) rotating BHs with S d−2 horizons. Some of these lumpy solutions then connect to black rings with horizon topology S 1 × S d−3 [26, 32, 33] . There are also zero modes corresponding to higher harmonics on the S d−2 , which yield other lumpy solutions that connect to multi-horizon solutions like black Saturns or di-rings [34] .
In the present case, zero modes in AdS 5 -Schw×S 5 BHs would lead to new black holes with the same S 3 ×S 5 topology, but break the SO(6) rotation symmetry of the S 5 . We call these new solutions "lumpy" black holes. These lumpy black holes are expected to connect to other (possibly multi-horizon) solutions with horizon topology S 8 , or other products of spheres like S 4 ×S 4 . From a dimensional reduction, the S 5 is interpreted in the dual field theory as a number of scalar operators that respect an SO(6) symmetry. The GL instability is therefore associated with spontaneous symmetry breaking, where these operators develop non-trivial VEVs. In this case, we will argue that this phase transition is first order.
Thus, there are many different solutions that compete in a given thermodynamic ensemble. Since these new solutions appear only for black holes that are sufficiently small compared to the S 5 , they are not expected to dominate the canonical ensemble, which favours large black holes at similar temperatures. However, in the microcanonical ensemble at small energies, we expect the solution with the most entropy to be a black hole with spherical topology S 8 . More specifically, the most entropic spherical black hole is expected to be the most symmetric, preserving the full SO(4) symmetry of global AdS 5 as well as the largest subgroup of SO(6), which is SO(5). We therefore focus on solutions which preserve the S 3 of AdS 5 and a round S 4 within the S 5 .
Let us write the metric of S 5 suggestively as
These are just the usual spherical coordinates with a redefined polar anglex = cos θ. Now we must isolate the perturbative modes that preserve the round S 4 . Any smooth perturbation about AdS 5 -Schw×S 5 can be decomposed into a sum of perturbations of scalar, vector and tensor types. These types are defined according to how they transform under diffeomorphisms of the S 5 . The modes we are searching for appear in the scalar sector. In the coordinates of (1.3) and (1.4), these take the simple form
, where Y (x) is a scalar harmonic on the S 5 and is its quantum number. If we focus on harmonics that only depend on the polar anglex (and hence preserve an S 4 ), labels the number of nodes alongx.
The zero mode of AdS 5 -Schw×S 5 that appears with the largest horizon radius is = 1. The linearised field equations reduce to a single ODE in the radial coordinate r and can be solved for any positive integer value of . For = 1, we find that the zero mode appears at the critical horizon radius 5) as first found by Hubeny and Rangamani in [7] ; AdS 5 -Schw×S 5 with r + ≤ r + =1 are unstable. At this zero mode, we expect a family of lumpy black holes to emerge. By drawing an analogy with similar situations, we conjecture that this family leads to a conical merger with a family of black holes with S 8 topology, which can be thought of as being localised on the S 5 ; see Fig.  1 .b.
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Page 1 Figure 1 : A pictorial representation of the S 5 for some black hole solutions that asymptote to global AdS 5 ×S 5 (the last three are conjectured solutions). The first one is the familiar AdS 5 -Schw×S 5 that is smeared over the S 5 . The second is a = 1 BH localized on the north pole of the S 5 . The third is a = 2 localised BH solution and the fourth is a = 2 black belt. In this manuscript, we construct the = 1, 2 "lumpy" BH solutions, with horizon topology S 3 ×S 5 that we conjecture to be connect to these localised BH solutions in a phase diagram.
Of course, the = 1 zero mode is only the first mode that appears. There are an infinite number of such modes, with higher modes appearing at ever smaller horizon radii. For example, the = 2 mode appears at
We note, however, that there are important differences between the even modes and odd modes. If δg is a linear perturbation, then −δg is also a linear perturbation. In the odd modes, these can be mapped to each other via a Z 2 symmetry of the S 5 , and so are equivalent. For example, among the = 1 solutions, the choice of sign merely selects whether the localised S 8 black hole will develop on the north or south pole of the S 5 . In the even modes, however, these perturbations map to themselves under this symmetry. The δg and −δg perturbations are not equivalent, which means we have two branches of solutions emanating from the even zero modes. In the = 2 modes, we expect one branch to lead to two disconnected S 8 black holes localised on the poles of the S 5 ; see Fig. 1 .c. We expect the other branch to lead to an s 4 ×S 4 black hole (the s 4 being a smaller sphere than the S 4 ); see Fig. 1 .d. The larger S 4 wraps around (coincides with) the S 4 equator of the S 5 , so we call these conjectured solutions "black belts" (the s 4 gives the transverse directions of the belt). Higher modes lead to various other multi-horizon solutions with some combination of S 8 holes and s 4 ×S 4 belts. In this paper, we construct these lumpy black holes connected to the = 1 and = 2 zero modes and study their thermodynamic properties. We detail our numerical construction in section 2, and compute the phase diagram in section 3. In appendix A, we give the technical details of Kaluza-Klein holography necessary to interpret our results on the CFT 4 [40] (see also [35-39, 41, 42] ). Numerical checks are in appendix B.
2 Numerical Construction
Lumpy solutions with = 1
Here, we give the numerical details of our construction of the = 1 lumpy black holes (BHs). We use the DeTurck method, which proceeds as follows. First, we choose a reference metricḡ that satisfies our desired boundary conditions (i.e. contains a regular horizon, has the correct asymptotics, and has the desired symmetry axes). Then, rather than solve the equations (1.1), we instead solve the similar equations
is the Levi-Civita connection associated with the reference metricḡ.
The benefit of this method is that unlike the equations (1.1), the above equations (2.1) form a set of elliptic PDEs [23] . For solutions of (2.1) to also be solutions of (1.1), we must have ξ M = 0. In some cases (such as vacuum-Einstein), there is a proof that all solutions to (2.1) also have ξ M = 0. In our case, we do not have such a proof, so we must verify that ξ M = 0 after solving the equations. The local uniqueness property of elliptic equations guarantees that solutions with ξ M = 0 cannot be arbitrarily close to those with ξ M = 0. Now we must find a suitable reference metricḡ. The most obvious choice is to use AdS 5 -Schw×S 5 , but rather than use the coordinates in (1.3) and (1.4), we instead redefine
and set y + = r + /L. With these new coordinates, the solution (1.2) can be written
where
We choose this to be our reference metricḡ. Here, x ∈ [−1, 1], with x = −1 and x = 1 corresponding to the north and south poles of the S 5 , and y ∈ [0, 1] with y = 0 corresponding to the horizon and y = 1 to the boundary of the AdS 5 . Using this reference metric, we write down a general ansatz which is static and preserves the symmetries of the S 3 and S 4 :
where {Q I , W } (I = 1, . . . , 7) are functions of x, y which will be determined numerically. If we set 3 and Ω 4 components of the five-form equation give 2 equations, and the xΩ 4 and yΩ 4 components of the self-duality condition give us an additional 2. With 10 equations and 8 functions, this seems like too many equations. Furthermore, the self-duality equations do not yield second-order differential equations, so our equations are not manifestly elliptic.
It turns out that these issues do not pose a problem. One can use the two independent components of the self-duality constraint to algebraically solve for ∂ x W and ∂ y W . After substituting these derivatives into the five-form F (5) , one finds that F (5) is now independent of W , i.e. just a function of Q 1,...,7 and their first derivatives. This means that differentiating to obtain the second derivatives of W and substituting those into the remaining equations of motion eliminates W completely. The five-form equations of motion reduce to a single equation and, together with the Einstein-DeTurck equations, we are left with 7 elliptic equations for the remaining 7 functions Q I . Since the metric and F (5) are now independent of W , there is also no need to compute W to extract physical quantities. Now let us discuss boundary conditions (BCs). The BCs at the horizon y = 0 and the poles x = ±1 are determined by regularity. The conformal boundary y = 1 is determined by demanding that the solution is asymptotically AdS 5 ×S 5 . More specifically, we would like the various operators in the dual field theory to be unsourced. Determining the correct powers of 1 − y that accomplishes this is a subtle issue which we defer to section A.5 of the appendix. Here, we simply give our boundary conditions in full:
BCs at the poles (x = ±1) :
Q 3 (y, ±1) = 0 , I = 3 ;
BCs at horizon (y = 0) :
∂ y Q I (0, x) = 0 , I = 2, 4, 5, 6, 7 ;
BCs at conformal boundary (y = 1) :
Now we are in a position to solve the PDE system (2.1) subject to the boundary conditions (2.6)-(2.8).
To solve the equations, we use a standard Newton-Raphson iteration algorithm based on pseudo-spectral collocation on a Chebyshev grid. We obtain a seed by perturbing the AdS 5 -Schw×S 5 solution near the zero mode. Our solutions are parametrised by y + . We will present our numerical results in section 3, and discuss numerical checks in section B of the appendix.
Lumpy solutions with = 2
It turns out that black hole solutions branching from modes with even values of are easier to construct than those with odd values of . In order to see this we note the following two Z 2 symmetries: (1) modes with even preserve the symmetryx → −x of the line element (1.4); (2) they also preserve the symmetry r → −r of the line element (1.3). While the first symmetry is easy to understand 2 , the second requires some explanation. It turns out that generic infinitesimal perturbations about AdS 5 ×S 5 can always be reduced to the study of a set of decoupled ODEs [35] . Solutions to these ODEs can then be used to reconstruct metric perturbations, which in turn allows us to read off the decay of the several metric functions as we approach the boundary. Indeed, these decays are related to the mass of each perturbation from the AdS 5 perspective. It turns out that for even values of , all perturbations lead to masses that cause the symmetry r → −r to be preserved.
We can thus take advantage of these symmetries to design a better line element for a reference metric. We will still choose as a reference metric that AdS 5 -Schw×S 5 , but rather than use the coordinates in (2.2), we instead redefine
With these new coordinates, the solution (1.2) can be written
We choose this to be our reference metricḡ. Here, x ∈ [0, 1], with x = 0 and x = 1 corresponding respectively to the Z 2 axis of symmetry and north pole of the S 5 , and y ∈ [0, 1] with y = 0 corresponding to the horizon and y = 1 to the boundary of the AdS 5 . Using this metric, we write down a general ansatz which is static and preserves the above Z 2 symmetries and also those of the S 3 and S 4 :
where {Q I , W } (I = 1, . . . , 7) are functions of x, y which will be determined numerically. The construction of these solutions and respective boundary conditions parallel those the previous section, and as such will not be presented here. The only change occurs at the new boundary x = 0, since there we must demand reflection symmetry. This is reduces to BCs at the reflection plane (x = 0) : ∂ x Q I (y, 0) = 0 , I = 1, 2, 4, 5, 6, 7 ; The entropy of a BH is proportional to its horizon area, S = A H /(4G 10 ). From the AdS/CFT dictionary, the 10-dimensional (G 10 ) and 5-dimensional (G 5 ) Newton's constants are related to N by
The entropy of the = 1, 2 lumpy BHs can then be written as
while the AdS 5 -Schw BH entropy is still given by this expression with
Computing the energy of the lumpy BH is non-trivial. It can be read from the asymptotic expansion of the fields at the holographic boundary using the formalism of Kaluza-Klein (KK) holography and holographic renormalisation [40] (see also [35-39, 41, 42] ). A detailed discussion of this formalism applied to this system is given in Appendix A. It culminates with the expression for the energy (A.54), that we reproduce here (this is valid for the = 1, 2 lumpy solutions),
In this expression, {β 2 , δ 0 , δ 4 } are undetermined coefficients that appear in a Taylor expansion of the fields about the holographic boundary (see (A.7)-(A.10)) after imposing appropriate Dirichlet boundary conditions (these correspond to having no sources in the dual CFT 4 ). These coefficients can be obtained by differentiating our numerical results. The energy of the AdS 5 -Schw BH is given by 5) and is recovered when β 2 = δ 0 = δ 4 = 0. The AdS 5 -Schw BH energy contains a contribution from the AdS 5 background,
16 , which is the well known Casimir energy of the dual
Extracting the constants {β 2 , δ 0 , δ 4 } requires accurately evaluating four or two derivatives, for odd or even , respectively. Rather than evaluate up to four derivatives, a numerically simpler way is to integrate the first law dE = T dS. Some of our data has been extracted using this simpler method. Where we can accurately do both, these energies agree (this comparison is in Figs. 2 and 3 ).
With these thermodynamic variables, we can compute the (Helmholtz) free energy using
For the AdS 5 -Schw BH this is given by
When we set the horizon radius y + = 0 we get the free energy of AdS 5 ,
16 . Now let us discuss the various thermodynamic ensembles. For our system, these are the microcanonical and canonical ensembles. In the microcanonical ensemble, the energy is held fixed and solutions with higher entropy are preferred. In the canonical ensemble, the temperature is fixed and the solutions with the lower free energy are preferred. To obtain adimensional quantities, we scale by factors of G 10 ∼ 1/N 2 and L. The relevant phase diagrams are therefore S/(L 3 N 2 ) vs EL 2 /N 2 for the microcanonical ensemble and FL 2 /N 2 vs T L for the canonical ensemble.
Before giving the phase diagram with the lumpy BHs, it is instructive to first discuss the AdS 5 -Schw phases. In the microcanonical ensemble, the AdS 5 -Schw BHs have increasing entropy with increasing energy. As mentioned earlier, the zero entropy solution corresponds to the Casimir energy
. At a given energy, there is only one solution in this family, so the phase diagram is trivial.
AdS 5 -Schw BHs are more complex in the canonical ensemble. From (3.1), one can see that AdS 5 -Schw BHs have a minimum temperature at
There are thus two AdS 5 -Schw BH solutions with any given temperature above T c V . These can be distinguished by their size, so AdS 5 -Schw BHs with horizon radius y + < y + c V are called small BH's, while those with y + > y + c V are large. The free energies of large AdS 5 -Schw BHs are always lower than that of the corresponding small AdS 5 -Schw BH with the same temperature. That is, large BHs are preferred over small BHs. In the FL 2 /N 2 vs T L phase diagram, the large and small BHs meet at a cusp at T c V . There is, however, a third phase which is thermal AdS 5 ×S 5 . This is just the Euclidean solution of AdS 5 ×S 5 with an arbitrary period chosen for the Euclidean time circle (i.e. at any temperature). Below a temperature corresponding to
thermal AdS 5 ×S 5 has lower free energy than both large and small AdS 5 -Schw BHs. At temperatures above T HP , large AdS 5 -Schw BHs are preferred. This is a first-order phase transition known as the Hawking-Page (HP) phase transition [3] . In the dual CFT, this is interpreted as a confinement/deconfinement transition [4] . This phase diagram will become more complex if we further allow for solutions that break the symmetries of the S 5 . As discussed earlier and in [7] , the largest wavelength GL zero mode ( = 1) that preserves an SO(5) symmetry of the S 5 appears at
which is a horizon radius corresponding to a small BH. A branch of lumpy BHs emerges from this zero mode. Now let us consider these lumpy BHs in the microcanonical ensemble whose phase diagram is in Fig. 2 . Because the entropy between these lumpy solutions and AdS 5 -Schw are close, we have instead plotted the entropy difference between these solutions at the same energy. The actual entropy is in the inset plot. There, we can see that these lumpy BHs always have lower entropy than AdS 5 -Schw×S 5 BHs and therefore do not dominate the microcanonical ensemble. The phase diagram in the canonical ensemble with the = 1 lumpy BHs is shown in Fig. 3 . The zero mode lies in the small BH branch, so we plot the difference in free energy between the lumpy BH and that of the small AdS 5 -Schw×S 5 BH as a function of temperature. In the inset, we show a wider view of the actual free energy vs the temperature. We can see that the lumpy BHs have higher free energy than both large and small AdS 5 -Schw BHs as well as thermal AdS. They therefore never dominate this ensemble either.
If the full 10-dimensional theory is dimensionally reduced to a theory on AdS 5 , the lumpy AdS 5 ×S 5 BHs are reinterpreted as five dimensional BHs with non-trivial scalar fields. From the perspective of the field theory dual to the AdS 5 , there are nonzero expectation values for scalar operators. This is spontaneous symmetry breaking. These expectations values can be computed using the tools of Kaluza-Klein holography [40] , whose discussion we defer to Appendix A (see also [35] [36] [37] [38] [39] [40] [41] [42] ). We find that some scalar operators develop non-trivial VEVs. The expectation values of two of these scalar operators are plotted in Fig. 4 as a function of the temperature. As expected, we find that these VEVs vanish at the zero mode (and for the AdS 5 -Schw×S 5 BH family) and then their amplitude grows monotonically along the lumpy BH family as we move away from the zero mode. Now let us move on to the = 2 lumpy solutions. As we have mentioned in the introduction, there should be two branches of black holes that emanate from the = 2 zero mode. We conjecture that one of these branches connects to two S 8 BHs, so we call this the "double black hole (BH)" branch. We expect that the other branch connects to topologically s 4 ×S 4 BHs with the S 4 wrapping around the equator of the S 5 , so we call this the "black belt" branch. The phase diagram of the = 2 solutions in the microcanonical ensemble is displayed in Fig.5 . Near the zero mode, the black belt branch extends towards higher energy, but with lower entropy than AdS 5 -Schw×S 5 . On the other hand, the double BH branch extends towards lower energy, but with higher entropy than AdS 5 -Schw×S 5 . Some of these lumpy BHs are therefore favoured over AdS 5 -Schw×S 5 (but might not be the dominant phase of the ensemble). Furthermore, the double BH branch contains a turning point at a cusp. Thus, there can be two lumpy BHs for a given energy. Now let us continue with the = 2 solutions in the canonical ensemble shown in Fig. 6 . Near the GL zero mode, the black belt branch extends towards lower temperature and higher free energy than the corresponding small AdS 5 -Schw×S 5 BH. The double BH branch extends towards higher temperature and lower free energy than the small AdS 5 -Schw×S 5 BHs. So also in this ensemble, the double BH branch of the lumpy BHs is therefore favoured over small AdS 5 -Schw×S 5 BHs, but still have higher free energy than the large BHs. The = 2 solutions also have non-vanishing scalar operators whose magnitude grows mono- tonically away from the merger. This is much like the behaviour displayed in Fig. 4 for the = 1 case, so we do not present a separate plot. Putting the = 1 and = 2 plots together, we get Fig. 7 for the microcanonical ensemble and Fig. 8 for the canonical ensemble. We note that at the GL zero modes, the slope of the entropy and free energy of the lumpy solutions match that of the AdS 5 -Schw×S 5 BH. This indicates a second-order phase transition and is consistent with the fact that these phases arise perturbatively.
Now we attempt to analyse the approach of the lumpy solutions towards the conical mergers. Let us first discuss the = 1 case. In the left panel of Fig. 9 , we plot the Ricci scalar of the induced horizon geometry on each of the poles of the S 5 as a function of temperature. We see that the Ricci scalar is getting large at one pole and small at the other pole. In the right panel of Fig. 9 , we plot the radius of the S 3 at the horizon as a function of the polar variable x of the S 5 for four different temperatures. As the temperature decreases and we move away from the GL zero mode we find that this radius is getting small at the South pole (x = 1), consistent with the conjectured conical merger. As we mentioned earlier, we suspect topologically S 8 BHs on the other side of this conical merger. Now we proceed with the = 2 case. In Fig. 10 , we plot the Ricci scalar of the induced horizon geometry at one of the poles of the S 5 and at the equator, both as a function of temperature. The curvature of the black belt branch is getting large at the poles. In Fig. 11 , we plot the radius of the S 3 on the horizon as a function of the polar angle x of the S 5 for four different temperatures. In the right panel, we see that close to the conjectured conical merger, the S 3 radius of the black belt branch gets very small on the poles (x = 1) of the S 5 . In the left panel, we see that the S 3 radius of the double BH branch is decreasing on the equator (x = 0) of the S 5 as we approach the conical merger, though we are still somewhat far from this conjectured merger. This also explains why the induced Ricci scalar is not yet appreciably large at the equator for this family (see Fig. 10 ).
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Discussion and Prospects
Let us now summarise our findings. As predicted by [5, 6] , the authors of [7] found that small AdS 5 -Schw×S 5 BHs suffer from a Gregory-Laflamme instability. This instability contains zero modes where new stationary solutions are expected to exist. We constructed the "lumpy" solutions corresponding to the = 1 and = 2 modes that break the SO(6) symmetry of the S 5 down to SO(5). Due to the symmetries of the linear perturbations, the = 1 mode contains one branch while the = 2 mode contains two branches. We called the = 2 branches the "double black hole" branch and the "black belt" branch in anticipation of the ensuing (conjectured) conical mergers. In the microcanonical ensemble, only parts of the double BH branch of the = 2 mode is preferred over AdS 5 -Schw×S 5 BHs, but we do not have any evidence that it actually dominates the ensemble. None of these phases are preferred in the canonical ensemble, which is likely dominated by large AdS 5 -Schw×S 5 BHs.
We have good numerical evidence that these solutions approach conical mergers. We also have evidence that the = 1 lumpy BHs transitions to a topologically S 8 BH that sits on one of the poles of the S 5 (see Fig. 1.b) . We also have evidence that the = 2 double BH branch transitions to two S 8 BHs, localised on each of the poles of the S 5 ( Fig. 1.c) , and the black belt branch transitions to an s 4 ×S 4 black hole with the smaller s 4 wrapping around the larger S 4 equator of the S 5 ( Fig. 1.d) .
Let us now speculate on the complete phase diagram which we conjecture to be something resembling Fig. 12 . Consider the microcanonical ensemble (Left Panel ) and solutions with = 1. Small localised BHs should look muck like d = 10 small asymptotically flat Schwarzschild BHs whose entropy scales as S ∼ E 8/7 . We can compare this with that of small AdS 5 -Schw×S 5 BH, whose entropy scales as S ∼ E 3/2 . We therefore conclude that the entropy of a small localised BH is larger than the entropy of a small AdS 5 -Schw×S 5 BH. We further expect these S 8 BHs to merge with the lumpy BHs with horizon topology S 3 ×S 5 at some conical merger point (point B in Fig. 12) . A simple curve that satisfies these two properties is the dashed blue curve CB sketched in the Left Panel of Fig. 12 (the turning point of this curve and similar curves in the diagram must be a cusp to be consistent with the first law of thermodynamics). If this conjectured curve turns out to be correct, there will be a first order phase transition where the entropy of the localised BHs and the AdS 5 -Schw×S 5 BHs are equal at the same energy. Such a phase transition can be interpreted in the dual field theory as spontaneous symmetry breaking, though here this would be a first-order transition rather than second order.
Consider now the = 2 solutions. Both the double BH and black belt should be unstable to the formation of a single localised BH. Indeed, the double BH is an unstable equilibrium configuration and a small perturbation should make the two BHs merge into a single localised BH. Similarly, if we slightly perturb the black belt along the polar S 5 direction, it is reasonable to expect that it will also collapse into a localised BH at the pole. Another possible instability mechanism is the fragmentation of the black belt into one or an array of BHs along the equator of the S 5 , and these should again be unstable and merge into a single localised BH. For these reasons, we expect that the double BH and black belt should be less preferred phases than the = 1 localised BH, both in the microcanonical and canonical ensembles. The simpler scenario with these properties is described by the dashed black (CE) and brown (CF) curves in Fig. 12 .
Consider now the canonical ensemble (Right Panel of Fig. 12 ). Again, small localised S 8 BHs resemble 10-dimensional asymptotically flat Schwarzschild BHs whose free energy scales as F ∼ T −7 . Small AdS 5 -Schw×S 5 BHs have a free energy that scales as F ∼ T −2 . Thus, for high temperatures, the localised S 8 BHs are likely to have a lower free energy than small AdS 5 -Schw×S 5 BHs. Though, large AdS 5 -Schw×S 5 BHs have a free energy that scales as F ∼ T 4 , and they are perturbatively stable so they are likely to dominate the canonical ensemble. We expect there to be some point B which is the conical merger between these solutions. The turning points must be cusps to be consistent with the first law. The black square is the Hawking-Page (HP) critical point. The magenta square D is the = 2 zero mode with the double BH branch along the brown curve and the black belt branch along the black curve. There are conjectured points E and F that mark conjectured conical mergers.
We should mention that, in the sketched phase diagrams of Fig. 12 , we are probably oversymplifying the structure of the solutions near the conical mergers. Indeed, it might well be the case that the lumpy and localised branches will spiral towards the conical merger, leading to an infinite discrete non-uniqueness similar to the one found in [33, 34, [43] [44] [45] . In the present case, we do not approach the conical mergers sufficiently enough to address this question.
Of course, to fully complete these phase diagrams, the localised solutions need to be constructed. We leave this to future work that is currently in progress [46] . We note that it is not necessary to resort to numerics to contribute to our understanding of this phase diagram. In particular, small localised BHs and black belts should be well described by black branes, and are hence amenable to a matched asymptotic expansion or a blackfold approximation (similar to the analysis done in [15-17, 22, 26, 47, 48] for localised BHs on a S 1 [46] ). 3 We also note that we have studied but two modes in the entire spectrum of spherical harmonics on S 5 , and we have only focused on those preserving an SO(5) symmetry. The full phase diagram is thus incredibly rich. Though, since the localised BHs connected to the = 1 modes would possess a full SO(4) × SO(5) symmetry, they are likely the most symmetric of the single localised S 8 BHs, and are thus likely to be the entropically dominant phase for small energies in the microcanonical ensemble. For > 1, we can have multi-BH configurations localised on the S 5 even with different sizes.
We have also only focused on global AdS 5 which corresponds to a field theory background on R × S 3 . Other backgrounds such as M 1,2 × S 1 [49] or BH backgrounds [2] yield gravity solutions with physics near the AdS scale. It would be interesting to understand how breaking the symmetries of the S 5 will influence these geometries.
Our choice of boundary conditions ensures that the CFT dual to our gravity solution is N = 4 SYM [4] . However, there are other choices that are consistent with finite energy and the absence of ghosts. Most notably, we could have chosen boundary conditions that correspond on the CFT side to adding a relevant double trace deformation to N = 4 SYM [50] . The effect of these boundary conditions on the phase diagram remains unclear.
There are also a number of other known AdS/CFT dualities such as those arising from AdS 4 × S 7 and AdS 7 × S 4 . Where the asymptotics are global AdS q × S p , we expect similar behaviour to what we have found in AdS 5 × S 5 .
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A Kaluza-Klein holography
In the main text, we have omitted any details concerning Kaluza-Klein (KK) holography [40] which we will supply here in this appendix. There are three tasks that required the use of this KK formalism: computing the energy, computing the VEVs of the scalar fields, and determining the appropriate asymptotic boundary conditions that correspond to turning off sources on the field theory.
The gauge invariant formalism of KK holography was developed by Skenderis and Taylor in [40] . Previous studies useful for this endeavour are [35] [36] [37] [38] [39] , and KK holography is further discussed and applied in [41, 42] . We will review this formalism in some detail, following [40] . We will also need to extend the results of [40] to our system where odd harmonics are excited. Moreover, we use a different harmonic representation for the S 5 . We will try to be self-contained but refer the reader to [40] and [35, 37] for a more thorough exposition.
The aim of KK holography is to first dimensionally reduce solutions with AdS p × X q asymptotics to solutions on AdS p , then apply holographic renormalisation to compute field theory quantities on the boundary of AdS p [40] . In our case (asymptotically AdS 5 ×S 5 solutions), the dimensional reduction requires expanding any solution as a sum of harmonics of the S 5 . These harmonic modes are interpreted as fields in the reduced AdS 5 theory. The behaviour of these fields on the boundary of AdS 5 give VEVs of operators on the dual conformal field theory.
The dimensional reduction obtains the effective d = 5 fields Ψ from some d = 10 fields ψ. In general, the map between Ψ and ψ is highly nonlinear. However, if we are only interested in computing VEVs in the dual field theory, we only need the field Ψ up to some order in a Fefferman-Graham expansion off the AdS 5 boundary. That is, for any particular VEV, we can write Ψ as some polynomial of ψ and its derivatives, truncating at a particular order [40] .
For example, the quadratic expansion for a field Ψ k takes the form
for some constants J klm and L klm . If Ψ k is dual to an operator of dimension k, then we would require expanding Ψ k off the boundary in a Feffermann-Graham expansion to O(z k ). The quadratic terms with l + m = k also contribute to such an expansion. Higher order terms contribute as well, but for a given k, we can truncate this expansion [40] . In our case, it suffices to stop at quadratic order. At this point, it would be useful to give a brief overview of the lengthy calculation to follow. We begin in section A.1 by writing our lumpy BH solutions as deformations of global AdS 5 ×S 5 , and expressing those deformations as a sum of S 5 harmonics ψ Y . We then carry out a
Feffermann-Graham expansion of the coefficients of these harmonicsψ to the order needed to extract VEVs.
To avoid gauge issues, we now need to rewrite these coefficients in a gauge invariant way, keeping up to quadratic terms in the number of fields (recall we only need up to second order to extract the VEVs of interest). In section (A.2), we write down the gauge invariant quantities at linear order in the number of fields (and call these collective quantitiesψ), and also show that most of these gauge-invariant fields obey an effective Klein-Gordon equation for a massive scalar. We proceed with quadratic order in section A.3, and call the resulting quantities ψ. The second-order fields ψ obey an inhomogeneous Klein-Gordan equation for a massive scalar. The source term depends on the square of linear-order fieldsψ and their derivatives.
We perform the KK reduction in section A.4. There, we will obtain the effective 5-dimensional field Ψ in terms of the 10-dimensionalψ and ψ. In section A.5 we will obtain the effective 5-dimensional action, namely (A.45), which describes KK scalars subject to a certain potential and living in the 5-dimensional background G with a negative (5-dimensional) cosmological constant. Section A.5 ends with the Einstein equation (A.47)-(A.48) that the reduced graviton G obeys. This equation has a non-trivial energy-momentum tensor.
Section A.5 also takes the 5-dimensional gravitational (G) and scalar fields (Ψ) and applies the standard holographic renormalisation procedure [51] . We first introduce the FeffermanGraham coordinate Z = Z(z) for the 5-dimensional solution, and then do the standard FeffermanGraham expansion off the 5-dimensional AdS boundary Z = 0. We can then construct the associated holographic stress tensor (A.53) and VEVs (A.51) of the most relevant KK scalars. In particular, from the holographic stress tensor we can then read off the expression for the energy, which we use in the main text. In the process, we also explain our physical motivation for our choice of asymptotic boundary conditions. Summarising our notation,ψ describes the coefficients of the 10-dimensional harmonic expansion around global AdS 5 ×S 5 ;ψ represents gauge invariant quantities at linear order in the number of fields; ψ describes gauge invariant quantities at quadratic order; and finally Ψ describes the reduced 5-dimensional KK field (i.e. capital letters denote 5-dimensional fields and lower-case letters always refer to 10-dimensional fields).
A.1 Lumpy AdS 5 ×S
5 BHs expanded in spherical harmonics of the S
5
Our lumpy BH solutions are asymptotically AdS 5 ×S 5 . Before proceeding with a dimensional reduction to AdS 5 , we first need to expand these solutions in terms of harmonics on the S 5 . There are scalar, vector, and tensor harmonics, which are defined by their transformations on the S 5 . The details of the harmonic expansion differ for each type, but only the scalar harmonics are consistent with our preserved symmetries (a SO(5) subgroup of SO (6)), so we will only focus on these harmonics.
If the S 5 is written as
the regular (axisymmetric) scalar spherical harmonics are given by
and satisfy
The quantum number is a measure of the number of nodes along the polar direction X that was quantised by requiring regularity at the poles X = ±1 of the S 5 ; we set the azimuthal quantum number m = 0 because these modes would further break the SO(5) symmetry. We have chosen a normalisation in (A.3) so that
,
Now let us expand our lumpy BH solutions in terms of these harmonics. First, we write the fields of the solution as a deformation of AdS 5 × S 5 s:
Here, h and f need not be small. The field fluctuations abound global AdS 5 ×S 5 thus admit the harmonic expansion:
and
where we use the symmetric traceless notation
It follows from the field equations that there is an algebraic relation between the coefficientsb νρστ andb . Therefore we do not discuss the fluctuationsb νρστ any further. Note that the case = 1 is special because D In anticipation of reading off field theory quantities from the boundary of the reduced AdS 5 , let us also perform a Feffermann-Graham expansion off the boundary. The "background" fields
where we have stopped at O(z 4 ) which contains terms necessary to compute the holographic stress tensor and the VEVs of scalar operators. Note that the factors of z 2 /2 are present because the background is global AdS 5 , not planar AdS 5 , and the factors of z 4 /16 come from the conformal anomaly of AdS 5 . We have chosen a conformal frame where the boundary geometry of the AdS 5 is R × S 3 . Now let us proceed with the first few harmonic coefficients in (A.7) and (A.8). Performing a Taylor expansion of the lumpy BHs up to O(z 4 ), or (L 2 /z 2 )O(z 4 ) for fields on the AdS 5 base space, the equations of motion yield (henceforward, we set L = 1):
where η µν = diag{−1, 0, η ij } with η ij being the line element of a unit radius S 3 on the AdS 5 base space. To shorten the presentation, we have introduced the auxiliary constants
µν . These harmonic coefficients depend on the horizon radius y + and on four undetermined constants {β 2 , γ 3 , δ 0 , δ 4 } that appear in the Taylor expansion off-the boundary z = 0. In this expansion, we have already imposed appropriate asymptotic boundary conditions (BCs) that eliminate several extra undetermined constants that would appear in the expansion. We will defer our discussion of these BCs to a later section A.5; see in particular the BCs (A.50) and Fig. 13 therein. For reference, the leading terms of the transformation that bring the lumpy BH from the {x, y} coordinates of our ansatz (2.5) into the FG coordinates {z, X} are
A.2 Gauge invariance and field equations at linear order
Not all of the coefficients in (A.7), (A.8) are independent. Under a gauge transformation x → x + ξ, the fluctuations transform as h → δh and f → δf , where to linear order in the number of fields, these are given by
The gauge parameter ξ M (z, X) itself has a scalar harmonic expansion,
To avoid further gauge issues, we would like to use gauge-invariant quantities, which in this section we do to linear order in the number of fields. At linear order in the fluctuation, only the leading terms in the gauge transformation (A.12) contribute and the coefficients in the harmonic expansion (A.7) and (A.8) transform as (as justified above we do not need to discussb µνρσ )
As we have mentioned earlier, some field coefficients are not defined for = 0 and/or = 1. It follows that for ≥ 2 one can define three gauge invariant quantities:
with auxiliary fieldB
For = 1, sinceφ is not defined, the system is effectively described by one less gauge invariant quantity. One can define the gauge invariant quantities:
The case = 0 is special sinceφ ,B µ andb are not defined. One also has δπ =0 = 0 since Λ =0 = 0. It follows thatπ =0 is itself already gauge invariant andb =0 is not defined. This leaves the gauge invariant quantities:
Note thath =0 =h 0 is just a deformation of the background metric and the gauge invariant combinationĥ 0 µν was chosen because it obeys the linearised field equations. With these gauge invariant quantities at linear order, one can introduce the gauge invariant combinationŝ The massive KK gravitons also couple to the scalar harmonics (actually, the instability of the AdS 5 -Schw BH occurs in the KK graviton sector with ≥ 1) and are described by the transverse and traceless fieldŝ .20) which obey the equation
Thus, the KK gravitons (spin 2) have mass m 2 ψ = ( + 4) and the conformal dimensions of the dual operators are {∆ + , ∆ − } = { + 4, − }. For = 0, the combinationĥ µν in (A.17) obeys the 5-dimensional linearized Einstein equations (the shift byπ 0 can be traced back to the Weyl transformation required to write the 5-dimensional action in the Einstein frame).
A.3 Gauge invariance and field equations at quadratic order
At quadratic order in the fluctuation, all the terms in the gauge transformation (A.12) contribute. For our purposes, it is not necessary to discuss the KK gravitons with > 0, so for compactness we omit these fields from our discussion. The interested reader can find the analysis of these modes in the original papers.
To discuss the gauge transformations, it is necessary to first project the fields into the spherical harmonic basis. This projection introduces the following integrals of the spherical harmonics (z( ) was introduced in the normalisation (A.5)):
Up to second order, the coefficients in the harmonic expansion (A.7) and (A.8) transform as (recall that Ω 5 = π 3 )
• For 1 ≥ 2 :
µ c 123 ,
• For 1 = 1 :
• For = 0 :
For notational convenience, in these expressions and all the expressions of this section, whenever we haveφ with = 1 we meanπ =1 /Λ =1 . This means, e.g. that
is a short-hand notation for
Similarly, one uses the short-hand notation
Using these transformations one can check that the gauge invariant quantities to quadratic order are: 4
• For 1 = 0 :
where the linear order quantitiesπ andB µ are defined in (A.15)-(A.16).
Although we do not discuss the details of massive KK gravitons (i.e. h µν with ≥ 1; see [40] ), the properties of the massless KK graviton h 0 µν will be fundamental for our later analysis. Under a gauge transformation this field transforms as
and thus the corresponding gauge invariant massless graviton is given by (g o µν is the AdS 5 metric)
With these gauge invariant quantities at quadratic order one can introduce the gauge invariant combinations
which obey the equations of motion
where is again the D'Alembertian in AdS 5 . The quantities {Q 1 , Q 2 , Q µ 3 , Q 4 } in the RHS of these two equations are the same as those defined in equations (3.27)-(3.34) of [37] . On the other hand, the masses of these scalar fields are the same as that of the linear fieldsŝ andt }, and using the equations of motion forŝ (A.19) and its derivatives one finds that the equations of motion (A.32) can be put in the form
(A.34) for some coefficients D 1 2 3 , E 1 2 3 , F 1 2 3 .
A.4 5-dimensional KK description of the lumpy BHs
Now we are in position to obtain the KK map. One can remove the derivative terms on the RHS of (A.34) by a field redefinition ψ → Ψ . The inverse of this relation gives the the reduced d = 5 field Ψ = {S , T } in terms of the d = 10 field ψ = {s , t } and is given by 35) with the normalisation factor w(ψ ) and coefficients L, J given by
The field equation for the reduced field is then
where 
where the coefficients {D ψ22 , E ψ22 , F ψ22 }, {J ψ22 , L ψ22 } and λ Ψ22 for the several ψ are given in Table 1 . 5 Explicitly, the 5-dimensional scalar fields of the lumpy AdS 5 ×S 5 BH are 
A similar treatment for the massless KK graviton field, including a field redefinition, allows us to write the d = 5 graviton G µν in terms of the d = 10 fields. Again up to the relevant order (1/z 2 )O(z 4 ), in the lumpy AdS 5 ×S 5 BH only contributions sourced byŝ =2 ≡ŝ 2 contribute. The reduced metric then reads (recall that g o µν is the AdS 5 metric)
This yields the following non-vanishing components
where η ij = diag{−1, ηîĵ} with ηîĵ being the line element of a unit radius S 3 and, to shorten the presentation, we introduced the auxiliary constants
The field equations (A.41) can be obtained from a 5-dimensional action, namely
with G µν given by (A.43) (recall that Newton's constant G 5 is given by (3.2) ). The first two contributions in this action are the Einstein and cosmological terms (recall L = 1) that admit AdS 5 as a solution. Up to order O(z 4 ), the potentials in this action are 
where R µν is the Ricci tensor of G µν and the energy-momentum tensor reads
As indicated by the second equality up to the relevant O(z 4 ) only the scalar field S =2 contributes to the stress tensor.
A.5 Holographic renormalisation and Stress tensor.
We can now apply the standard holographic renormalisation procedure to the 5-dimensional solution [51] . Introduce the Fefferman-Graham coordinate Z = z − 65 36864 y 4 + β 2 2 z 5 + O(z 6 ) for the 5-dimensional metric G µν , and denote the boundary coordinates collectively by X. Furthermore, collectively denote the scalar fields of the system by Φ = {S , T , φ KK } (where φ KK are the massive KK gravitons described at linear order by (A.20)-(A.21)) and recall that the conformal dimensions ∆ (and ∆ − = 4 − ∆) of the operators dual to these fields that are given in Table 2 .
The expansion around the holographic boundary Z = 0 for the 5-dimensional metric G µν , and scalar fields Φ = {S , T , φ KK } is then where the ∆ = 2 case saturates the 5-dimensional Breitenlohner-Freedman (BF) bound, i.e. ∆ + = ∆ − = ∆ BF . In Fig. 13 , we plot the conformal dimensions of the several scalar fields Φ = {S , T , φ KK } as a function of the harmonic quantum number . The BF bound is saturated only for the field S =2 .
In the above off-boundary expansion, the non-normalisable modes G (0)ij , Φ 2 (0) , Φ ∆ (0) are source terms for the boundary QFT stress tensor and dual operators of dimension ∆ = 2 and ∆, respectively. On the other hand, the normalizable modes, namely G At this point we can discuss the boundary conditions (BCs) that we impose in the holographic boundary Z = 0. We do not want to deform the boundary background so we fix G (0) ij to be the static R t × S 3 metric as a Dirichlet boundary condition. Moreover, we do not want to deform the boundary CFT, i.e. we require vanishing sources in the scalar fields, so we impose vanishing Dirichlet boundary conditions on the fields Φ. Altogether we thus have the asymptotic boundary conditions: These BCs can be discussed in more detail with the aid of Fig. 13 .À priori, we could impose BCs that would allow operators with ∆ ≥ ∆ unit , where ∆ unit = 1 is the unitarity bound. However, the dual CFT of our system is N = 4 SU(N) SYM. In this special case, the requirement that the norm of the supercurrent of the theory is positive definite requires that we exclude conformal dimensions in the range ∆ unit ≤ ∆ < ∆ BF (ultimately this means that we have a dual SU (N ) gauge theory and not U (N ); for further details see e.g. section 2.6 of [4] ). Therefore, we impose BCs such that only dual operators with conformal dimension equal or higher than the BF bound, ∆ ≥ ∆ BF = 2, are present. This means that the BCs we impose are such that sources of operators in (and below) the red area of Fig. 13 vanish. In addition, some modes above this region (the source terms with {∆ − , } = {2, 2}, and {∆ − , } = {4, 0}) are eliminated by the BCs Φ 2 (0) = 0 and Φ 4 (0) = 0 on the scalars S . There is however a special mode that we cannot exclude with our BCs namely, the mode with {∆ − , } = {3, 1}. This is a pure gauge mode and therefore it does not appear in any physical quantity. 6 We cannot remove this mode since we are using the deTurck method. The gauge is fixed after solving the equations, and cannot be imposed from the equations of motion alone (see discussion associated to (2.1)).
We can now discuss the undetermined constants in the asymptotic expansion (A.10) that are permitted by the BCs (A.50). The coefficientΦ 2 (0) in (A.49), with {∆ + , } = {2, 2}, is proportional to the parameter β 2 appearing in (A.10). In (A.49), the normalisable modes Φ ∆ (2∆−4) of the scalars S associated to {∆ + , } = {3, 3} and {∆ + , } = {4, 4} are, respectively, proportional to the parameters γ 3 and δ 4 present in (A.10). Finally, the fourth constant δ 0 that appears in the boundary expansion (A.10) describes a KK graviton with {∆ + , } = {4, 0}. Normalisable modes with ∆ + > 4 − see Fig. 13 − appear only at an order in z higher than the one displayed in (A.10). They are also present in our solution but we do not discuss them further because they do not contribute to the mass of the lumpy BHs.
The normalisable modes are related to the holographic 1-point functions that give the VEVs T ij , O 2 and O ∆ of the dual operators, via the standard holographic renormalisation procedure. In particular, the vev of the operators O with ηîĵ being the line element of a unit radius S 3 . This holographic stress tensor is conserved, (0) ∇ i T ij = 0, and it is traceless, T i i = 0. 7 An important holographic quantity that we want to extract from (A.53) is the energy of the solution. This is done by pulling-back T ij to a 3-dimensional spatial hypersurface Σ t , with unit normal n and induced metric σ ij = G 
B Numerical details and validity
In this appendix we discuss the validity of our numerical results, while giving further details of the numerical construction of the AdS 5 ×S 5 lumpy BHs.
We start by testing the numerical convergence. We use pseudospectral collocation methods, and thus we expect exponential convergence with increasing number of grid points. We demonstrate this convergence with the panel of Fig. 14 . In this figure, as a typical example of our results, we consider a lumpy BH at constant temperature T = 0.50065, and show how its entropy changes as the number N of grid points is varied.
Next, we test numerical convergence of the norm of the deTurck vector ξ 2 , defined below (2.1). The Einstein-de Turck method solves Einstein equations in the gauge ξ M = 0. Therefore, the norm of the deTurck vector is a measure of how well this gauge condition is satisfied, and verifies that we have a proper solution to the Einstein equations and not a DeTurck soliton with ξ M = 0. On the right panel of Fig. 14, we take a lumpy BH at constant temperature and plot the square root of the norm of the DeTurck vector (evaluated at the asymptotic boundary, y = 1, and at the rotation axis x = 1) as a function of the grid points. Again we confirm the presence of exponential convergence. We find that |ξ 2 | < 10 −12 everywhere. 7 The lumpy BH asymptotes to global AdS5 which is conformal to the Einstein Static universe Rt × S 3 , and thus conformal to flat space. Therefore the gravitational conformal anomaly vanishes. Moreover a possible contribution, both to the conservation equation and trace, of the form Φ The first law and the energy read from KK holography provide a final important test of our numerics. We can independently compute the energy, entropy and temperature using KK holography. Therefore, we can test whether the first law, dE = T dS, is satisfied. We find this to be the case as mentioned below (3.4) and in the discussions associated with Figs. 2 and 3.
